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Steady rotations of a heavy rigld body with one fixed point, were first dis-
cussed by Mlodzeevskii [1] and Staude [2]. Sufficient conditions for their
stabllity were given by Rumiantsev [3]. Beletskii [4] considered some cases
of steady rotations and thelr stability in the Newtonlan field. Apykhtin
[5] found permanent axes of rotation when the equations of motion permit
Goriachev's integrals,

In this paper, steady rotations of a rigld body with one fixed point and
their stability in a potential field of force, are lnvestigated.

1. Permanent axes of rotation. Let us assume a fixed point 0 belong-

1ng to the rigid body to be the origin of both, fixed coordinate system

inc and a moving coordinate system (x,xgx, , the latter being fixed rela-
tive to the rigld body and its axes coinciding with the principal axes of
inertia of this body with respect to the origin ¢ . Let 4,, A;, A, be the
principal moments of inertia of the body with respect to the origin, and

Yy s Yas Ys — directlon cosines of the axis 0f with respect to x,, x
We shall assume that the external forces permit the force function of

type
U=U (1, Y2» 7o) (1.1)

which has continuous partial derivatives of the 1-st order. Equations of
motion in the moving reference frames are

T X3 »

dp; v auU

A; d (A, — Aiy) PisiPivg T Visa ey Tin a—’.‘,—iﬂ (1.2)
dy; X
Zt = PirgVinn — PinTiee (t=1,29

where p, are the projections of the instantaneous angular velocity on the
moving axes. The subscripts here should not exceed 3; this can be accom-
plished by taking the subscript modulus 3, l.e. substracting 3 1f they ex-
ceed 3.

The systrn of differential equations (1.2) has the following first inte-
grals:

Ap? + Aypa? + Agpst — 2U (11, Yas T3} = const, TR b — 1 w3
AypyY; + AzpaYa + AgpsTy = const,
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Stability of steady rotation of a rigid body 433

If an axls of steady rotation exists, it will be stationary with respect
to both, the body and a space around it., Let the direction cosines of this
axis with reference to the moving frame be ;= const , I,= const , l,= const
and w be a corresponding angular velocity. Then we have p,= w], , and

(1.2) become o oU oU

Al ar (i — Aia) Ol live T Ting My Tin Mo
dy;
a7 = © (iaieg — i Tise) (1.4

First integrals of thils system are
02 (A2 + Aol 4 Agl®) — 2U (T, Tan Ta) = 7y

o (A3l + AolaTy + AjlaYs) = ks (1.5)
Lty + laYa + I3Ys = ks, oMt TRt ri=1 (1.6)

Eliminating w from (1.5), we obtain
(A1hYs + AalaYs + Aslsts)? [kt 2U (11, T2y Ts)] = K (A2 + Aqly? + Aylgd) (1.7

Equations (1.6) and (1.7) can be used to determine vy,. It 1is easily
seen that this method will, in most cases, give constant values. ExXceptions
will occur when, e.g. some of the equations are found to have been derilved
from cther equations not considered here. If vy, 1s constant, then (1.%4)

gives MmN _ T
A A I

Hence, 0C will be a permanent axis, and y,= I, . From (1.5) it follows
that o i1s also constant. It remalns to determine i:he position of the per-
manent axis within the body, i.e. to find the conditions which must be ful-
filled by 1, in order for the corresponding axis directed along 0¢ , to
.be the axls of steady rotation. If

au
E
Ti vy=ly, Yo=ls, Ya==ls
then (1.4) for w = const gives
iy — i) O Ll + Ll — Lyl =0 (1.8)
which, after multiplying 7, and rearranging , becomes »
Ly (Ay — Ay Lyly + Ly (A — Ay) Iyly -+ Ly (A — Ap) Ll = 0 (1.9)
Direction cosines should also, apart from (1.9), satisfy
2+l F =1 (1.10)

Since (1.9) and (1.10) possess no unique solution, there exists a number
of axes satisfyil the above equations. In terms of present coordinates ]
point S(zl s13s13) should lie on both, the surface 1.9; and the phere (1.155,
hence 1ts geometrical locus is the intersection cf (1.9) and (1.10). If the
field 1s homogeneous

U = — mg (zo11 + YoT2 + 20Y3)

or Newtonlan
U = — a(zgty + yol2 + 2% — B (Ai® + 412 + AgYs?

the surface (1.9) will be a Staude cone [ 2]

xo (A — Ag) Ll + yo (45 — A) Ll 25 (A — Ag) Wi, =0
where x,, yos 2o 8&re the coordinates of the center of gravity of the body.

The sphere (1.10) and the surface (1.9) have common points S, (+ %, 0, 0),
S§3(0, £1,0),8;(0,0, + 1). These correspond to principal axes of inertia,
provided the values of [, are finite. Subscript J assumes the values
1, 2, 3, provided this vaiue is different from that of ¢ corresponding to
the axis under consideration. (1.9) is also satisfied by the point
S.(21d, 1}, 1d) of the sphere for which the normal n (L), L;’, Ly) to the equi-
potential surface and the radilus-vector 0S5, are colinear, 1.e. for which
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Ly'/ly = Ly'fl3=Ly/lg . It can easily be verified that
1
Li L L - (éi L L_s’;) h (.11)
S‘(/hlV’ AN’ ;EQV) ’ N=d A2 4‘14{14*14§

also satisfies (1.9). Moreover, any point &, (4% 4% 4%, on the sphere
which 1s a neutral point of the fleld, 1.e. /2= O, satlsfles (1.9).

For every polnt § on the spherical curve obtained by the 1nteﬁ%ection
of (1.9) and ?1.10), there exists a corresponding semiaxis ¢S , which may
become an axls of steady rotation. For this, its direction cosimes must be
such, that (1.8)gives a positive value for «?, 1.e.

1 (Ls 3_) 1 (Ll 5_3_) 1 (L2 L

PR e Y Sty ¥ R e A Y

= a4

)> 0 (1.12)

For the poilnts S§,, S;, S; we have w?= = , hence, the princlpal axes of
inertia cannot, 1in general, be the permanent axes. For 5, and §, we have
w =0 , and the body is in equilibrium.

In case of any of the points §,, §; or S, coinclding with S5, or S, ,
e.g. §= Sy, the principal axis of inertia x, becomes, as seen from (1.8),
an axis of steady rotation with arbitrary angular velocity. When any of the
principal axes of inertia 1s, at the same time, the axls of steady rotation,
then the force function 1s found to possess the followlng partial derivative:
oU [ av; = Yf; (Y1 Tar o) (i =1, 2, 3).

For S , (1.12) gives

L2 L2  Lg )’/z
2 oo Wt NN . 28
o?=F <A12 +az2 T Az
hence steady rotation is possible only for the semiaxes passing through Sg
and corresponding to the minus sign in (1.11).
2, Partioular oases, (a) Let the ellipsoid of inertia be an ellipsoid

of revolution and let us suppose that A4,= A,# 4s. Then the relations (1.8)
and (1.9) will become ’

(A) — Ag) 03gly + Iy — Ly =0, — (4; — Ay @¥shy + hLy — Ly =0
Ly — 4L, = @2.1)
Iy (Bl — LL,) =0 (2.2)
From (2.2) we see that the surface (1.9) consists of a plane
Iy=0 2.3)

and a surface LL — 4Ly =0 (2.4)

a,) The case l,= O. From §2.1) we see that every axis (I,, l,, O)
on the plane (2.3) satisfying (2.%), will be the axls of steadﬁ rotation
with arbitrary angular velocity, if .= O. The condition (2.4) for the
principal axis x, will be satisfied 1f .= O, and for x, , if r,= 0.

aa) The case l,# O. Here, the posslble axes of steady rotatlion and
the corresponding angular veloclity, satisfy the condltion

Ly Ly 1 <L3 .él)
o =g a (L —n)"a=a i - T)= 2

From (2.1) we see that if [, = r,= O , then the princlpal axis of inertia
xs 1s also the axis of steady rotation with arbitrary angular velocity.

b) If the inertia ellipsold 1s a sphere, 1l.e. A;= 4= Ay , then from
(1.8) it follows that the only axes of steady rotation will be those, cor-
responding to the normals to the equipotential surface or to its neutral
points.
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¢) Ellipsoid or inertia is not the ellipsold of revolution, but the
force function is of the type ¢ = U(y,, v,) . Assuming I,= O , Equations
(1.8) and (1.9) become

I [(A; — A3) 0%, + L,] = 0, L [(A; — A) 02l,— L1 =0 (2.6)
Ay — Aol + L — L1, =0, L[l (4 —A)l+Li(d;—A)L]l=0 (2.7)
In thils case the surface (1.9) separates into the plane (2.3) and the
surface
Li(Ay —A) b+ Ly(A; — AY L, =0 (2.8)

ey) The case 1,= 0 . From (2.6) 1t follows that the possible axes
of steaéy rotation and the corresponding angular velocity are subject to the
condition

1 L, L,

m2=;g—_—Az(T;— 11)>0 (2.9)

The principal axis of inertia x (x,) will also be the axls of steady
rotatlon with arbltrary angular veloelty if 71,= 0 (7,= 0).

c2) The case 13#¢ O . The axis of steady rotation should satisfy (2.8)
Possible axes of steady rotation and the corresponding angular~velocity are
found from 1

02 = _t L ___3___.51_.___1___(£z_ L,
Az — Ay 4 Ay — Ag b 7 Ay — A\ Ly T

Principal axls of inertia x, 1s an axls of steady rotation with arbltrary
angular veloclty 1f [,=L,= O, 1,e, if 1t corresponds to the neutral point
of the function U(y,, yz) .

d) Let U = U(y,). Since in this case L,= L,= 0 , (1.8) gives
Ay — A 0l =0, I [(4; —A) ey —Li]=0

L [(Ay — A) @®ly + L] = 0 (2.11)
d.) The case la# 1= 0., Axis x, is an axls of steady rotation with
arbitrary angular velocity.

ds) The case zg- O, 1s# O . Possible axes of steady rotation and
the corresponding angular velocity satisfy
L,
0= >0
Lids—A4) =
x; will be an axis of steady rotation with arbitrary angular velocilty 1if
I,= 0, 1.e. when 1t corresponds to the neutral point of the force function.

da) The case l,# O, 1,# O. If Ag# As, then the equilibrium 1s
possible only when 1,= O, If [g= 4,, then the possible axes of steady
rotation and corresponding angular veloclty can be determined from

=T o
vll(Az—’Al) =

If 1,= 0 is a neutral point of the force function (I, = 0) and Agz= 4s ,
then steady rotations about any of the axes (O, 1.5 ls), occur with an arbi-
trary angular velocity.

3. Stadility of steady rotations. Let
p; = 0, T; = l; = const, (i=1,2,3), ® == const, 3.1)

)>o (2.10)

be the boundary conditions for the particular solutlon of equations of motior
(1.2), corresponding to the steady rotation of a rigild body. We shall assum
that the motion (3.1) is smooth and shall investigate its stability. Substi-

tuting
p, = (Dli - §i, T = li -+ Nis (= i, 2, 3) (32)

in (1.2) gives us equations of perturbed motion, whose first integrals are
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Vi = AE? + A.8.% + A58 + 20 (A 18 + Aalys + AjlEy) —
—2U ({y + My, L+ Mas 13+ Mg} = const (3.3)

Vo = AiEiy -+ AaEaMe + AgdaMs + © (Aydi + Aplany + Aglgns) +
A hE; - AglsEy + AglyEy = const

Va=m2+ %+ ng2 + 2 (4 + LNe -+ IgMy) = 0
Expanding U (l; + My, I+ Mg, i3+ N3) in powers of 1;, , we obtain

3 3 3 3
V= 2] A8 + 20 121 A g — 2 21 Ly — 2 Limm; + @ (M, Mg Ma)
- <

i=1 1
_ (& '
Ly = ( a1, 91; )

Fyp=ly, Ya=lyy Ys=1s

where

Il

Lo
J

and q)(m 5> Mas MN3) 18 a function containing these terms of the expansion, in
which the power of mn, 1s geater than two.

hiTrl’:eimethOd of Chetaev [6] 1is used here to construct the Liespunov function,
which is

V=V, — 20V, -+ AWy Y u V2 = A% + AE2 + A2 + A+ pl® — L) n2 -+
F A A pl? — Lyy) m? + (A + pi? — Lyy) 12 — 20 (AyE3My + AEems + AxEgny) +-
-+ 2 [(Whyly — L) 0yMe -+ (lily — Lyg) myMs + (laly — Lagg) Mans) +

+ 7 (1, My Mg) = const (3.4)
L here 1s based on (1.8), and is

L I L
A= 4,0% -+ ,—1‘ = A0 -+ —é = A40? + _zf (3.5)

where u 1s an arbltrary constant, and J’(m: ngs MNs) contalns ny only in
powers greater than two.

The function V wlll be a positive-definite function of varlables &, ,n,
if the quadratic part of ¥ , 1.e. the quadratic form W =V — f (my, 1, 13).
is positive-definite. By the Sylvester criterion, W and consequently v
wlll be positive-definite if and c¢nly 1if

2
my — 4,02 >0, my 1:;2/110) mfli Ao >0 (3.6)
m; — A2 kys ki
kg my — A,w2 kgq >0 (3.7)
kg ka3 mg — Agw?
where
my; = A4 plE— L;;, ki, ivl T wi; Ligg — Li, i+l (3.8)

With the conditions (3.6) and (3.7) satisfied, function ¥ will be a
slgn-definite integral of the equations of perturbed motion and, by Llapunov's
theorem on stability, nonperturbed motion (3.1) corresponding to steady rota-
tions of a rigld body, will also be stable with respect to the varilables

Pis Yy

If the axis of steady rotation passes through the neutral polnt
So (% L% 13°) of the force function, i,e. r,= O , then as 1t was shown
before, @ = O, and the body is 1in equilibrium. When u = O, (3.7) glves
us sufficient conditions of stabllity, which are

Ly Ly Ly,
Ly, Ly, Lys
Lis Ly Ly
The above 1lnequalities represent sufficlent conditions for the force

—L; >0, >0, — >0 (3.9

Lll LlZ
12

22
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function to have a maximum at S, , 1.e. they coincide with the sufficient
conditions of stability according to the Lagrange (Legendre-Dirichlet) cri-
terion.

If the force function U 1s such that 1, = O (t#{), then the sufficient
conditions for stability of the steady rotatlons are obtained from (3.6),
and are

Bl + e — Ly >0 (3.10)
s B aa) 1+ ) e
NG A [ A FXE o M i AR FER

(e (e T (B sa) (B 1) 12)>0

1f, for example, we have a homogeneous fleld of force
= — P (z¢T1 + YTz + ZTa)s

where p 1s the welght of the body and x f°'° are the coordinates of 1its
center of gravity, then (3.10) glves us well Mhown conditions due to Rumian-

tsev, on the stability of steady rotation of a heavy rigid body with one
fixed point [3].

Apykhtin [5] investigated the problem of steady rotation of a rigid body

with a fixed point for the case of Goriachev, namely 4, = 4,= 245 with the
force function

U=A4;la(n— 1) Tal_n + Yab (T2 — 1) — s — aaMal

where g, b, 0,, 0y &re constants and »n 1s a positive Integral number. For
the case

Ly = — 4, (c + by, Ly = —Ab
Ly = — A, (¢; — bly), Ly = Ab Ly=0 (i)
Ly= — Aal;™, Lgy = Aynaly ™1
sufficient conditions (3.10), give, e.g. for u = O , the inequalities
o ca a

4, 8tadility of steady rotations about the prinoipal axss of inertia.
We shall assume that the force function satisfies the condition
Li; =0 (i=}). If the force function has a neuvral point corresponding to
an& of the principal axes of lnertia, then this axls will be the axis of
steady rotation with arbitrary angular velocity. Let for example §, (1,0, 0)
be a neutral point. In order to investigate the stabllity of steady rotation
about the axis x, , we shall construct a Liapunov function in the form of
(3.4), and substitute into it I, =1,l, =1, =0 and A = 4,0% (3.6) are the
conditions of sign-definiteness of this function, hence they are also the
sufficient "conditions of its stability, and can easily be reduced to

p—Ly>0, (A — A0 —Ly3 >0, (4, — A0 —Ly>0 {4.1)

a) Let S,(l, 0, 0; correspond to the maximum of the force function,
1.e. 2,,<0(t =1, 2, 3), If u=0, then from (4,1) we have:

a,) The case A;>A; > A;, when the motion is stable for any angular
velocity, 1.e. steady rotations about the principal axis of inertia corre-
sponding to the maximum moment of inertia, are stable for any angular velo-
clty.

a,) The case A> 4,> 4y . From (4.1) we see that the sufficient
condition of stability 1is the inequality
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0 < g (4.2)

a,) The case 4; <Ay <4 From (4.1) 1t follows that the sufficient
conditions of stability are the ilnequalities

— Ly — Ly
®* < A, — A, w? <A3 __‘:a_; (43)

b} Let (1, O, ¢} correspond to the minimum of the force function,
i,e, ;> O. Choosing u > I, we see that the conditions (4.1) are satis-
fied only when x, 1s the axis of the largest moment of inertia Ay > Ay > Ay
and when at the same time,

Loy 2 Lgy
w? > a4, — A4, O>aTA (4.4)

¢) Let the neutral point g (1, 0, 0) correspond tb nelther the maximum
nor the minimum of the force function. If Ly 20, Ly <0, Lyy << 0, then the
results are equal to those of iag, while 3f L, <O, Lype >0 and Lg >0 the
results are equal to those of (b). If [,, > 0, Ly and L;; 1s arbitrary,
then for A; > A, > A4, sufficlent condifion of Hta ility easily deduced from
(4.1), is the inequality

Ly
2
w? > i, i, (4.5}
while for Ad,> 4,> A, , the inequalities
Lgo — Ly
—— 2 o A
I, i < w2 < T, R {4.6)

When A4,» 4,> As, then the second of the (4.1) inequalilties cannot be
satisfied.

The axis x, {1, 0, ¢) will also be the axis of steady rotation with arbi-
trary angular veloclty in case, when x, 1s normal to the equipotential sur-
face, 1.e, when L;=0, Ly =Ly= 0. To investigate the stabllity of steady
rotation in this case, we shall construct a Liapunov function in form of
(3.4), in which =1, =1l;= 9,20 = A,0%2 -+ L;. This function will be
positive-definite 1n accordance ' ith (3.6), if

p4Ly—Ly>0, Ay —~ AP+ Ly —Lyy >0
(A —Ag) @ - Ly =~ L3y > 0 (4.7)
which are the sufficient conditlons of stabillity of steady rotations in this
case, are fulfilled.

As an example of the use of (4.7}, we shall investigate the conditlons of
stability of steady rotations when the force functlion 1s of the type

= — o (4;7,® + A% + AsvH) {4.8)

where o > O is a constant. Apykhtin proved that if w®# 25 and the iner-
tia ellipsoid is not spherical, then the principal axes of inertla are the
only permanent axes. When the force function 1is of the type (4.8), then
sufficlent conditions of stability of steady rotation about the axis

x, {1, 0, 0) are, by {4.7), the inequalities

>0, (4 —A)e®—20) >0, (4 —4y @ —20)>0 (4.9

from which it can be seen that if the axis x, 1s the axis of the maxlimum
moment of inertla when A, >d;=>=4A; then the inequality

@ > 2a {4.10)
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1s sufficlent a condition of stability, while if x, 1s the axis of the
minimum moment of inertia, then the sufficient condition 1s

0 < 20 (4.11)
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